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Abstract – Filtering algorithms have found numerous ap-
plication in various fields. One of the main factors that af-
fect the performance of filtering algorithms is when the in-
strument recording the observations is faulty and yields ob-
servations which are outliers, that subsequently degrade the
performance of the filter. A standard procedures to deal with
this issue is to reject any measurement that is at least three
standard deviations away from the predicted measurement.
This method works very well for linear Gaussian estima-
tion. For particle filter which does not require any Gaussian
assumptions, the aforementioned noise rejection procedure
yields poor performance. In this paper, we present a new
outlier rejection procedure for particle filters that uses the
theory from kernel density estimation and probability level
sets. The proposed solution does not impose any constraint
on the type of noise or the system transformation, and con-
sequently the particle filter realizes its full potential. Sim-
ulation examples are presented in the end to show that our
proposed algorithms works better than conventional outlier
rejection algorithm.

Keywords: Tracking, Particle Filtering, Estimation, Noise
Rejection.

1 INTRODUCTION
Filtering algorithms have found wide range of applica-

tions in various areas like control theory, target tracking,
economics, computer vision etc [1, 2, 3, 4]. One of the
most popular linear filtering algorithms, the Kalman Filter,
was presented in 1960 [5]. Five decades after its develop-
ment, the Kalman filter filtering and its linearized extension
to nonlinear systems, the Extended Kalman Filter (EKF),
are still widely used for many applications. In recent years,
there have been significant developments in computation-
ally feasible approaches for non-linear filters for problems
that violate the linear Gaussian assumptions of the Kalman
filter. In particular, recent research efforts and advances in
computational power has led to improved non-linear recur-
sive filtering algorithms, such as the different versions of un-
scented Kalman filters (UKF) [6, 7] and particle filters [8].

Particle filters are the most common nonlinear filter al-
gorithms that do not impose restrictions on the dynamical
system model or the uncertain distributions of measurement
noise [9, 10]. Particle filters represent the conditional prob-
ability density of the state in terms of samples (particles)
and their weights. The filters operate recursively using pre-
diction and update steps. At any given time ’t,’ particles
are predicted to the next time ’t + 1’ by sampling from an
importance distribution; once observations are collected, an
update step modifies the weights of the predicted particles.
An additional resampling step is often incorporated to ac-
count for the weights to concentrate on few samples. The
weight update steps gives higher weights to particles that are
close to measurements and lower weights to particles away
from the measurements.

Outlier measurements created by sensor failures often
generate measured values that lie significantly outside the
statistical confidence region for the predicted measurement
values. When a particle filter receives an outlier measure-
ment, the weight update will shift most of the weight to a
few particles that are far from the correct state. Resampling
will concentrate particles there, and lead to significant loss
of performance. As an example, consider the application of
dynamic localization of a robot estimating its location and
pose from measurements of its surroundings. Outlier mea-
surements can lead the robot to inconsistent position/pose
estimations, which will propagate the error dynamically in
subsequent iterations.

There are two principal ways of mitigating the effects of
outlier measurements: Rejection and Accommodation [11].
In the rejection process one tries to determine via statisti-
cal methods if the received measurement is an outlier or
not. If the measurement is found to be an outlier, then the
prediction step of the filtering is performed and the update
step is skipped. In the case of accommodation procedure,
the received measurement is probabilistically weighted as
whether it is a true measurement or an outlier. These prob-
abilities are used in the weight update. The problem with
accommodation approaches is that they require a statistical
model for outliers in order to perform Bayesian inference.



In contrast, rejection approaches do not require a two-sided
statistical model, but simply require a statistical model for
“normal” measurements. In this paper, we focus on rejec-
tion approaches which have more robust assumptions.

The goal of rejection approaches is to reject a measure-
ment as outlier, with low probability of rejecting normal
measurements. For Gaussian measurements, one often uses
the three standard deviation rule for rejecting measurements
as outliers, proposed by Wright in 1800’s [11]. He stated
that if an observation is three standard deviation away from
the mean then it can be rejected as an outlier, and the prob-
ability that a normal measurement would take this value is
approximately 0.003. This model has been used extensively
in the linear filtering literature. However for particle filters
in nonlinear problems that include non-symmetric distribu-
tion, the three standard deviation rule can lead to significant
errors. A better approach would be to exploit the structure
of the distribution of the predicted state, as represented by
the particles, and compute a 99.7th percentile interval for
determine whether measurements should be declared out-
liers. However, note that there may be some values that have
higher probability of happening outside the interval than in-
side, which is not the case for Gaussian distribution [12]
(See Fig. 1).

Several authors have proposed techniques for outlier re-
jection in particle filter. In [13], the likelihoods of each up-
dated particle are summed, and if the sum is below a thresh-
old, the measurement is rejected as an outlier. In [14], the
authors use selective updating, where each measurement is
considered to be noisy with probability α and true measure-
ment with probability (1−α). Consequently, a fraction α of
the particles are not updated with the current measurement,
and the remaining fraction of (1−α) are updated with the
current measurements.

In this paper we present new algorithms for outlier rejec-
tion that incorporates ideas from kernel density estimation
[15] and probability level sets [12, 16, 17]. It uses the pre-
dicted state particles as data samples to estimate the com-
plete predicted distribution using kernel density estimation
techniques, and to build a level set of confidence for reject-
ing measurements as outliers outside this set using statistical
acceptance tests. We investigate variations of these algo-
rithms with different computation requirements, and com-
pare the performance of our outlier rejection algorithms to
previous approaches proposed in the literature.

The rest of this paper is organized as follows: Section 2
presents the outlier rejection problem statement, and back-
ground on particle filter estimation and previous techniques
for outlier rejection. Section 4 discusses briefly the kernel
density estimation approaches and section 5 presents our
new algorithms. Section 6 presents simulations of our algo-
rithms. Section 7 discusses our conclusions and prospects
for future growth.

2 Problem Statement and Back-
ground

We assume that we have a measurement device that can
generate outlier observations. We assume that an observa-
tion is generated according to a normal measurement model
with probability λ and an outlier with probability 1−λ as
described below. Assume that the system model is given as:

xt = ft(xt−1,wt)

yt =

{
ht(xt ,vt) if β < λ ;
zt if otherwise; (1)

where β is a Bernoulli random variable with probability λ ,
ft is the system transfer function with noise wt , ht is the
observation function, vt is the observation noise and zt is
some unknown random noise. For this paper we assume zt to
be uniformly distributed over some volume V of observation
values. Note in general that neither λ nor the distribution of
zt are assumed to be known to the estimator, and the event
that zt is an outlier is not observed. Our goal is to estimate
E(xt |Y[0,t]) where Y[0,t] = (y0,y1, . . . ,yt).

The minimum mean square error estimate of of xt given
the measurements Y[0,t] is given by the E[x|Y[0,t]]. To com-
pute this, we usually need to compute the conditional prob-
ability density p(x|Y[0,t]). This density is computed recur-
sively by following prediction and update step:

p(xt |Y[0,t−1]) =
∫

p(xt |x|t −1)p(xt−1|Y[0,t−1])dxt−1

p(xt |Y[0,t]) =
p(yt |xt)p(xt |Y[0,t−1])∫

p(yt |xt)p(xt |Y[0,t−1])dxt

In many situations, it is not possible to evaluate these inte-
grals in closed form, and representation of the resulting con-
ditional densities is complex. The particle filter addresses
both of these problems by representing these densities ap-
proximately with a weighted set of samples (particles).

In case of particle filtering, let {x j
t−1,w

j
t−1}N

j=1 be the par-
ticles and the corresponding weights obtained as an approx-
imation of p(xt−1|Y[0,t−1]). Therefore,

p(xt−1|Y[0,t−1])≈
N

∑
j=1

w j
t−1δ (xt−1 −x j

t−1|t−1) (2)

where N is the number of particles, and w j
t−1 denotes the

weight of the jth particle. Sometimes, it is not easy to sam-
ple particles from p(xt−1|Y[0,t−1]) directly. Therefore im-
portance sampling is used, i.e. samples are drawn from
a known distribution and the sampled particles are subse-
quently weighted to produce a unbiased sampling estimator.
The weights in particle filter are given as:

w j
t−1 =

p(xt−1|Y[0,t−1])

q(xt−1|Y[0,t−1])
(3)

where q is the importance sampling distribution. To imple-
ment the filter in the recursive form, the importance sam-



pling distribution is assumed to have following factoriza-
tion:

q(xt ,xt−1|Y[0,t]) = q(xt |xt−1,Y[0,t])q(xt−1|Y[0,t−1]) (4)

Therefore the weight update equation at time t is given as:

w j
t =

p(yt |x j
t )p(x j

t |x
j
t−1)p(x j

t−1|Y[0,t−1])

p(yt |Y[0,t−1])q(x j
t |x

j
t−1,yt)q(x j

t−1|Y[0,t−1])
(5)

=
p(yt |x j

t )p(x j
t |x

j
t−1)

p(yt |Y[0,t−1])q(x j
t |x

j
t−1,yt)

×
p(x j

t−1|Y[0,t−1])

q(x j
t−1|Y[0,t−1])

(6)

∝
p(yt |x j

t )p(x j
t |x

j
t−1)

p(yt |Y[0,t−1])q(x j
t |x

j
t−1,yt)

×w j
t−1 (7)

These weights (w j
t ) are normalized at each step and then de-

pending on the variance of the weights, there is a resam-
pling step performed to prevent impoverishment of particle
weights.

There has been some work in the literature to find the best
way to sample the particles from the importance distribu-
tion. However very less attention is given to develop particle
filters that are robust to outlier measurements. As the last
equation illustrates, the likelihood term p(yt |x j

t ) increases
the weights of particles in the direction of the measurement.
If the measurement is an outlier, the weights will increase
for particles far from the real state values.

3 Current Techniques for Outlier Re-
jection

There are various statistical tests of testing whether the
given measurement is a true measurement or an outlier. In
this section, we discuss several such procedures.

The most commonly used procedure for outlier rejection
is Gating. Gating assumes that the predicted probability
density of the measurement has a Gaussian distribution. The
basic approach is to form a validation region such that a nor-
mal measurement according to (1) (not an outlier) will fall
in this region with a specified level of confidence. There-
fore a measurement that lies inside this region is considered
as true measurement; measurements outside this region are
declared outliers.

Under the Gaussian density assumption, one can compute
this region using a simple linearization argument based on
the extended Kalman filter equations. Specifically,

(yt −ht(x̄t))
T S−1(yt −ht(xt))< γ2 (8)

where

S = Ht P̄t|t−1HT
t +R

P̄t|t−1 = Ft P̄t−1|t−1FT
t +Q

x̄t−1 =
N

∑
j

ω j
t−1x j

t−1

P̄t−1 =
N

∑
j

ω j
t−1(x

j
t−1 − x̄t−1)(x j

t − x̄t−1)
T

where Ft−1 =
∂ f
∂x

∣∣∣
x̂t−1|t−1

, Ht =
∂h
∂x

∣∣∣
x̂t|t−1

and γ is the thresh-

old. The above equations start with the updated mean and
covariance of the state from the particles after the update
at t − 1, and use the EKF equations to compute a Gaussian
approximation to the measurement density. Alternative ap-
proaches using particle values of the predicted observations
to compute the mean and variance are also easy to imple-
ment. The value of γ is set to achieve a maximum probabil-
ity that the measurement may have come from one variable.

A different approach to rejection was proposed in [13].
Their strategy is based on rejecting measurements that are
not close to any of the particles. Their criteria for rejection
is

N

∑
j=1

p(yt |x j
t )< η (9)

to sample state particles that are close to the observation.
This strategy can be directly extended to our case for re-
jecting an observation if the sum of the likelihoods over all
the particles is below a threshold. One main difficulty with
this approach is that the threshold parameter does not corre-
spond intuitively to statistics directly computable from the
modeled probability density.

Another approach, introduced in [14], uses a selective up-
date with the given measurements, where only a fraction
of the particles are updated. That is, (1−α) particles are
updated with the given measurement and α are only pre-
dicted, where α represents the expected corruption ratio and
is given as:

α =

{
1− p(yt |xm

t )
Pt

if p(yt |xm
t )

Pt
< 1

0 if p(yt |xm
t )

Pt
> 1

where m = argmaxi p(yt |xi
t) and Pt is predefined threshold.

Note that, if one particle is close to the measurement, then
α = 0 and all of the particles are updated. Otherwise, each
particle is determined to be updated according to an inde-
pendent Bernoulli random variable per particle, with proba-
bility 1−α of having value 1.

4 Kernel Density Estimators
Kernel density estimator are non parametric techniques

for estimating probability densities from samples. The ker-
nel density estimator for a density f of a univariate random
variable is given as:

f̂ (x) =
1
g

n

∑
i=1

wiK(
x− xi

g
) (10)

where {xi}n
i=1 are n observations, g is the smoothing

factor and K is the kernel function used. The ker-
nel function is required to be symmetric, zero mean
(
∫

uK(u)du = 0), and should integrate to one (
∫

K(u)du =
1). Standard kernel functions used in literature are: uni-
form

( 1
2 I(|u| ≤ 1)

)
, triangle ((1−|u|)I(|u| ≤ 1)), Gaus-

sian
(

1√
2π exp(− 1

2 u2)
)

, Cosine
(π

4 cos(π
2 u)I(|u| ≤ 1)

)
,



Epanechnikov
( 3

4 (1−u2)I(|u| ≤ 1)
)
, etc, where I(·) is the

indicator function. The kernel estimator can be seen as a
sum of bumps centered around each particle where choice
of the kernel determines the shape of the bump. Since the
kernel is non-negative everywhere the estimated density is
guaranteed to be non-negative. Furthermore, the estimated
density will inherit the continuity and differentiability prop-
erty of the kernels. For this paper, we shall use the Gaussian
kernel. Consequently the estimated density will be smooth.

The smoothing factor is an important parameter of choice
for kernel density estimation techniques. One simple way
of selecting this factor is to minimize the mean integrated
square error (MISE) of the estimator:

MISE( f̂ ) =
∫

MSE( f̂ (x))dx

≈ 1
ng

∥ K ∥2
2 +

g4

4
µ2

2 (K)(
∫

f ′′(x))2dx

where ∥ K ∥2
2 indicates the norm and µ2(K) indicates

the variance of the kernel function. Thus gopt =
argmingMISE( f̂ ) is given as:

gopt =

[
∥ K ∥2

2

µ2
2 (K)(

∫
f ′′(x))2dx

]1/5

n−1/5 (11)

The only unknown in the above function is the term
(
∫

f ′′(x))2dx, which is estimated using Silverman’s theory
assuming f to be a known density. If f is assumed to be nor-
mal density then gopt is given by Silverman’s rule of thumb
as given below:

grot = 1.06min{σ ,
R

1.34
}n−1/5 (12)

where σ is the variance of the data, and R is the inter quartile
range (R = X[0.75n]−X[0.25n]).

For multivariate data, the kernel density estimator is given
as:

f̂ =
n

∑
i=1

wi

det(G)
K(G−1(X −Xi)) (13)

where G is the d×d positive definite smoothing matrix, and
K is the multivariate kernel function with same restriction
as that for univariate data. The best smoothing matrix for
the multivariate data is still an active area of research. Some
of the solutions mentioned in the literature are: a) An equal
bandwidth g in all direction, i.e.,G = gId , where Id is a d-
dimensional identity matrix. b) Different bandwidth in all
directions, i.e., G = diag(g1, . . . ,gd). For the diagonal ker-
nel, g is selected using the following approximation:

g j =

(
4

d +2

) 1
d+4

n
−1

d+4 σ j (14)

where σ j is the variance of the data along jth direction.

(a)

(b)

Figure 1: Figure shows an examples of the symmetric
(Gaussian) and non-symmetric distribution. Points M indi-
cates the mean of the distribution. Any measurement to the
left of point B or the right of point A is rejected as noise (a)
Points A and B indicate the points that is 3σ deviations away
from mean (b) Point A is 99.95th percentile and point B is
the 0.05th percentile. The likelihood of point L is lower than
point A, although L will be accepted and A will be rejected.

5 New Outlier Rejection Algorithms
A common principle used in outlier rejection is to accept

samples that have higher probability of occurrence and re-
ject the ones with lower probability. For non symmetric dis-
tributions, there is no such center of distribution from which
to construct symmetric intervals verifying the above princi-
ple as is the case in normal distribution (See Fig.(1)). One
approach that avoids this inconvenience consists of choosing
set with the highest density values, which corresponds to the
level set of of the predicted measurement density function
with probability equal to γ , and 1− γ being the given fixed
error.

A main issue is how to estimate these level sets of the pre-
dicted measurement density function. To that effect, we will
use non-parametric kernel density estimation techniques. As
a result, our approach is well-suited for exploiting the advan-
tages of particle filters in handling arbitrary non-linearities
and non-Gaussian measurement noise.

Let {yi
t}N

i=1 be sample observation particles of the particle
filter at time t, and is given as:

yi
t = ht(xi

t)+ vt (15)

where we have added the noise vt to the predicted observa-
tions. We use these samples to interpolate the density using
non-parametric density estimation technique as follows:

fyp(yt) =
N

∑
i=1

wi

g
K(

yt − yi
t

g
) (16)



where g is the smoothing parameter, wi is the weight associ-
ated with particle xi

t , and K is the kernel used to estimation.
Given the predicted observation distribution, the goal is to

test if the current observation is an outlier. We perform the
hypothesis test:

H0 :
∫
{x: fyp (x)< fyp (yt )}

fyp(x)dx ≥ γ

H1 : else

This integral can be readily calculated Gaussian distribu-
tions, but is much harder to compute for arbitrary Gaussian
sum distributions as in (16). In our algorithm, we propose
Monte Carlo techniques to evaluate this integral by sampling
as:∫

x: fyp (x)< fyp (yt )
fyp(x)dx ≈

∑T
i=1 I( fyp(yi)< fyp(yt))

T
(17)

where yi are independent samples drawn from fyp(y), I(c) is
an indicator function which is equal to one if the condition
c is true else it is zero, T is the total number of samples.
The test of (17) uses an empirical level of significance based
on fractions of samples with higher probability density than
the measurement being tested. If this fraction is above the
threshold γ then hypothesis H0 is accepted else H1 is ac-
cepted. Fig. 2 shows an example of the proposed algorithm.

While the above solution is appealing and mathematically
rigorous, computation of the required Monte Carlo integral
may require lots of samples if the desired threshold is small.
If we assume some additional structure, we may be able
to reduce the required computations. We now assume that
the observation noise in (1) is zero-mean additive Gaussian
noise with known diagonal covariance with diagonal ele-
ment σ2.

The approach is based on using Gaussian kernels to fit
the predicted average observations ht(xi, t) without adding
measurement noise. Then the density obtained by adding
independent Gaussian noise can be obtained by

pyp(yt) =
N

∑
i=1

wi

g
K(

yt −ht(xi
t)

g
) (18)

this is nothing but a normal kernel with additive Gaussian
noise. In this case we add the noise analytically rather than
sampling as suggested in the earlier approach. Consequently
the problem reduces to:

pyp(yt) =
N

∑
i=1

wi

g
K1(

yt −ht(xi
t)

g
) (19)

where kernel K1 is N (0,1+σ2/g2). The process of adding
noise analytically reduces the computational complexity.

However, the main cause of the complexity in computing
the level set is having to sample this density to empirically
estimate this level set. We adopt an approximate approach,
based on identifying the kernel that is closest to the observed

value, and use the level set of this kernel density for the re-
jection value. Note that this level set will give a conservative
level of significance. Mathematically, let

m = argmini=1,...,N ∥ {yt −ht(xi
t)} ∥ (20)

Then a given measurement is accepted as true measurement
is the condition in (21) is satisfied else it is rejected as noise.

(yt − xm
t )

T (g2 + var(vt))
−1(yt − xm

t )< γ2 (21)

where γ can be chosen for the specified level of significance
under Gaussian assumptions.

Figure 2: Figure shows a randomly sampled probability dis-
tribution function that is used to evaluate Eqn.(17). The ob-
servation y decides the probability level and then sampled to
estimate the area under the level. Set A and Set B indicates
the rejection region. In probability level set, the rejection
region does not necessarily have to be contiguous.

6 Examples
In this section we present the simulation results to show

that proposed particle filters work better than the conven-
tional particle filter when outliers are present. The system
used for simulations is summarized below.

xt = 0.5xt−1 +25
xt−1

1+ x2
t−1

+8cos(1.2t)+wt

yt =

{
x2

t
20 + vt with probability λ
zt otherwise

(22)

where λ = 0.7, vt ∼ N (0,2), wt ∼ N (0,10) and
zt U [−15,15].

We ran experiments using the following algorithms: on a
3.6GHz linux machine with 3.5GB of memory:

DPF : Conventional particle filter with no outlier rejec-
tion

GPF : Particle filter with gating technique (3σ rule)
from Section 3.

SLPF : Particle filter with summing likelihood outlier
rejection in Eqn.(9) from Section 3. η = 10−4 as used
in [13].

SUPF : Particle filter with summing likelihood theory
from Section 3. Pt = 0.5 is used.



Filter MSE Avg. Runtime
in secs

DPF 8.6203 5.2915
GPF 7.4844 5.3753
SPF 7.9214 5.0900
SUPF 8.0917 5.0154
PF1 6.9063 13.4660
PF2 6.9397 13.7608
PF3 6.4829 5.1755

Table 1: RMS error in experiment for the different algo-
rithms

PF1 : Proposed particle filter with full simulation with
theory in Section 5. γ = 0.1 is used.

PF2 : Proposed particle filter with analytical noise in-
corporation with theory in Section 5. γ = 0.1 is used.

PF3 : Proposed particle filter with outlier rejection as
in (21) with γ = 3. .

Each experiment was run with 100 particles for 50 time
steps. The simulations are plotted in the Fig.(3), and the
root mean square (RMS) and the average run time for the
simulation are tabulated in Table 6. As one can see, PF1,
PF2 and PF3 yield the best tracking results in RMS sense.
However, both PF1 and PF2 take almost three times longer
to to run (for T = 104). The reason for increase in run time
is due to Eqn.(17) that requires evaluating T samples at each
time step. Another side experiment was performed to run. In
contrast, PF3 runs as fast as other algorithms, and has much
better performance in the presence of outliers.
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Figure 3: Graphs for the various filters to compare results.

7 Conclusion
In this paper, we presented new algorithms for incorpo-

rating outlier rejection in particle filters. These algorithms
are based on statistical tests for acceptance of the normal
hypothesis, and use empirical statistics to estimate the level
of significance of these tests. We evaluated the algorithms
on a nonlinear estimation problem, and compared their per-
formance to other approaches proposed in the literature. our
results establish that our algorithms have improved outlier
rejection properties, albeit with some increased complexity
in computation time.

We developed an approximation to our algorithms for the
special case of additive Gaussian noise in nonlinear observa-
tions. The approximate statistical outlier rejection algorithm
was as fast as the competing algorithms in the literature, and
achieved performance comparable to the our slower algo-
rithms.

In terms of future work, the above results need to be eval-
uated over a broader range of test problems, including mul-
tivariate problems where the computation of level sets are
harder. In addition, because we are evaluating low prob-
ability events (outliers) using Monte Carlo sampling, one
should investigate the use of importance sampling to reduce
the number of samples involved in determining the bound-
ary for outlier rejection.
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